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Abstract
Let S = {x1, . . . , xn} be a set of n distinct positive integers and f be an arithmetical function. Let
[f (xi , xj )] denote the n × n matrix having f evaluated at the greatest common divisor (xi , xj ) of xi and xj
as its i, j -entry and (f [xi, xj ]) denote the n × n matrix having f evaluated at the least common multiple
[xi, xj ] of xi and xj as its i, j -entry. The set S is said to be lcm-closed if [xi, xj ] ∈ S for all 1  i, j  n.
For an integer x > 1, let ω(x) denote the number of distinct prime factors of x. Define ω(1) = 0. In this
paper, we show that if S = {x1, . . . , xn} is an lcm-closed set satisfying maxx∈S{ω( lcm(S)x )}  2, and if f
is a strictly increasing (resp. decreasing) completely multiplicative function, or if f is a strictly decreasing
(resp. increasing) completely multiplicative function satisfying 0 < f (p)  1p (resp. f (p)  p) for any
prime p, then the matrix [f (xi , xj )] (resp. (f [xi, xj ])) defined on S is nonsingular. By using the concept of
least-type multiple introduced in [S. Hong, J. Algebra 281 (2004) 1–14], we also obtain reduced formulas for
det(f (xi , xj )) and det(f [xi, xj ]) when f is completely multiplicative and S is lcm-closed. We also establish
several results about the nonsingularity of LCM matrices and reciprocal GCD matrices.
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1. Introduction
Let S = {x1, . . . , xn} be a set of n distinct positive integers and f be an arithmetical function.
Let [f (xi, xj )] (abbreviated [f (S)]) denote the n × n matrix having f evaluated at the greatest
common divisor (xi, xj ) of xi and xj as its i, j -entry and (f [xi, xj ]) (abbreviated (f [S])) denote
the n × n matrix having f evaluated at the least common multiple [xi, xj ] of xi and xj as its
i, j -entry. In [29], Smith considered the determinant of the matrix [f (xi, xj )] on a factor-closed
set S by showing that it is the product
∏n
k=1(f ∗ µ)(xk), where f ∗ µ is the Dirichlet product of f
and µ. Apostol [1] extended Smith’s result. McCarthy in [27] generalized Smith’s and Apostol’s
results to the class of even functions (mod r). Hong [16] improved the lower bounds for the
determinants of matrices introduced by Bourque and Ligh. Hong [17] extended the results of
Smith, Apostol, McCarthy, and Bourque and Ligh.
The matrix having the greatest common divisor (xi, xj ) of xi and xj as its i, j -entry is called
the greatest common divisor (GCD) matrix, denoted by [(xi, xj )] (abbreviated by [(S)]). The
matrix having the least common multiple [xi, xj ] of xi and xj as its i, j -entry is called the least
common multiple (LCM) matrix, denoted by ([xi, xj ]) (abbreviated by ([S])). The set is said
to be factor-closed (FC) if it contains every divisor of x for any x ∈ S. The set S is said to
be gcd-closed if (xi, xj ) ∈ S for all 1  i, j  n. It is clear that a factor-closed set is a gcd-
closed set but not conversely. Bourque and Ligh [5] showed that the GCD matrix [(xi, xj )]
on S divides the LCM matrix ([xi, xj ]) on S in the ring Mn(Z) of n × n matrices over the
integers if S is factor-closed. Hong [18] proved that such a factorization is no longer true in
general if S is gcd-closed. In fact, Hong showed that if n  3, then for any gcd-closed set
S = {x1, . . . , xn}, the GCD matrix on S divides the LCM matrix on S in the ring Mn(Z). For
n  4, there exists a gcd-closed set S = {x1, . . . , xn}, such that the GCD matrix on S does not
divide the LCM matrix on S in the ring Mn(Z). From Bourque and Ligh’s result [8], we can
see that if S is a factor-closed set and f is a multiplicative function such that (f ∗ µ)(d) ∈ Z∗
whenever d|lcm(S), where Z∗ := Z\{0} denotes the set of nonzero integers and lcm(S) means
the least common multiple of all elements in S, then the matrix (f (xi, xj )) divides the matrix
(f [xi, xj ]) in the ring Mn(Z). Hong [19] showed that for any multiple-closed set S (namely,
y ∈ S whenever x|y|lcm(S) for any x ∈ S), and for any divisor chain S (i.e. x1| · · · |xn), if
f is a completely multiplicative function such that (f ∗ µ)(d) is a nonzero integer whenever
d|lcm(S), then the matrix (f (xi, xj )) divides the matrix (f [xi, xj ]) in the ring Mn(Z). But
such a factorization is no longer true if f is multiplicative. Hong and Loewy [23,24] investi-
gated the eigen structure of the matrix (f (xi, xj )) and made some significant progress in this
topic.
In the end of [6], Bourque and Ligh raised a general question as follows:
Question 1.1. Characterize the couples (S, f ) with S gcd-closed for which the matrix [f (xi, xj )]
is nonsingular.
Similarly we have the following general question.
Question 1.2. Characterize the couples (S, f ) with S gcd-closed for which the matrix (f [xi, xj ])
is nonsingular.
Hong [21] made some important progress for the above questions. For the lcm-closed case,
we have similar questions.
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Question 1.3. Characterize the couples (S, f ) with S lcm-closed for which the matrix [f (xi, xj )]
is nonsingular.
Question 1.4. Characterize the couples (S, f ) with S lcm-closed for which the matrix (f [xi, xj ])
is nonsingular.
In the third section we will give partial answers to Questions 1.3 and 1.4. We will first study
the above questions for the special cases f (x) = 1
x
and f (x) = x in the second section.
2. Nonsingularity of LCM matrices and reciprocal GCD matrices
Smith [29] showed that the determinant of the GCD matrix [(xi, xj )] on a factor-closed set S
is the product
∏n
i=1 ϕ(xi), where ϕ is Euler’s totient function. From it one can see that the GCD
matrix [(S)] on a factor-closed set S is nonsingular. Beslin and Ligh [3] provided a formula for
det[(S)] when S is gcd-closed while they [4] proved that the GCD matrix [(S)] on any set S is
positive definite. So the GCD matrix [(S)] on any set S is nonsingular. In 1875, Smith also proved
that the determinant of the LCM matrix ([S]) on an FC set S is the product∏x∈S ϕ(x)π(x), where
π is the multiplicative function which is defined by π(pr) = −p, where p is a prime and r  1
is an integer. Bourque and Ligh [5] extended Smith’s result showing the determinant of the LCM
matrix ([S]) defined on a gcd-closed set S = {x1, . . . , xn} is equal to the product ∏x∈S x2β(x),
where
β(x) =
∑
d|x
d /∈ES(x)
g(d), (1)
with the arithmetical function g defined by g(m) = 1
m
∑
d|m dµ(d) and the function µ being the
Möbius function and
ES(x) :=
{
z ∈ Z+ : ∃ y ∈ S, y < x, z|y},
where Z+ means the set of positive integers.
By Smith’s result we know that the LCM matrix defined on any FC set is nonsingular. Although
we can compute det([S]) on a gcd-closed set S using formula (1), it is not clear whether β(x)
is always nonzero. In the same paper, Bourque and Ligh conjectured that the LCM matrix [(S)]
defined on any gcd-closed set S is nonsingular.
Let A be a set of positive integers. We denote by gcd(A) (resp. lcm(A)) the greatest common
divisor (resp. the least common multiple) of the elements of A. By max(A) and min(A) denote
the biggest element and the smallest element of A respectively. In 1996, by using a generalization
of the principal of cross-classification, Hong [11] showed the following formula:
β(x) =
∑
J⊂{y∈S:y<x}
(−1)|J |
gcd(J ∪ {x}) . (2)
Clearly (2) is more convenient to use than (1).
Definition 2.1 [11]. Let T be a set of n distinct positive integers and 1  r  n − 1 be an integer.
We say that T is a 0-fold gcd-closed set if T is gcd-closed. We say that T is an r-fold gcd-closed
set if there is a divisor chain R ⊆ T with |R| = r such that max(R)|min(T \R) and the set T \R
is gcd-closed.
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Note that Definition 2.1 is stated in a different way from that given in [11]. However they
are equivalent. It is easy to see that an r-fold gcd-closed set is (r − 1)-fold gcd-closed, but the
converse is not necessarily true. See Examples 2.1 and 2.3. Using (2), Hong [11] proved that the
Bourque–Ligh conjecture is true when n  5 and if n  6, then the LCM matrix ([S]) defined
on any (n − 5)-fold gcd-closed set S is nonsingular. Consequently, Hong [13] showed that the
Bourque–Ligh conjecture holds for a certain class of gcd-closed sets. Further, Hong [12,14,15]
reduced greatly the formula (2) by introducing the concept of greatest-type divisor.
Definition 2.2 [12]. For x ∈ A, we say that d ∈ A is a greatest-type divisor (g.t.d.) of x in A, if
d|x, d /= x and the conditions d|y|x and y ∈ A imply that y ∈ {x, d}. We define GA(x) to be the
set of all greatest-type divisors of x in A.
To illustrate the above concepts, we give several examples as follows.
Example 2.1. Let A = {1, 2, 4, 6, 8, 10, 12}. Then A is 1-fold gcd-closed but not 2-fold gcd-
closed, GA(1) is empty, GA(2) = {1}, GA(4) = GA(6) = GA(10) = {2}, GA(8) = {4} and
GA(12) = {4, 6}.
Example 2.2. If S = {x1, . . . , xn} is a divisor chain such that x1| · · · |xn, then S is (n − 1)-fold
gcd-closed, GS(x1) = φ and GS(xi) = {xi−1} for all 2  i  n.
Example 2.3. If S = {1, p1, . . . , pn}, where all the pi are primes, then A is 0-fold gcd-closed
but not 1-fold gcd-closed, GS(pi) = {1}. If S = {p1, . . . , pn}, where all the pi are primes, then
S is not gcd-closed and GS(pi) = φ.
Example 2.4. Let x = pl ∈ S, where p is a prime and l  1 is an integer. Then GS(x) is empty
or GS(x) = {pt } for some 0  t  l − 1.
Example 2.5 [20, 21]. Let x = plqr ∈ S, where p and q are distinct primes and l, r  1 are
integers. Then GS(x) is empty or GS(x) = {pl1qr1 , . . . , pleqre }, where e = |GS(x)|, 0  l1 <
· · · < le  l and r  r1 > · · · > re  0 as well li + ri  l + r − 1 for all 1  i  e.
If S is gcd-closed, then Hong [12,14,15] reduced greatly formula (2) as follows:
β(x) =
∑
J⊂GS(x)
(−1)|J |
gcd(J ∪ {x}) . (3)
Note that gcd(J ∪ {x}) = gcd(J ) if J /= φ. This formula makes the computation of β(x) easy if
|GS(x)| is small. For instance in the case where S is a divisor chain or when all the x are primes
or 1, because then |GS(x)| = 0 or 1. Using formula (3) Hong [12,14,15] obtained a complete
solution to the Bourque–Ligh conjecture. In fact, we can prove the following slightly stronger
result.
Theorem 2.1. Let n  1 be an integer.
(i) If n  7, then the LCM matrix ([S]) defined on any gcd-closed set S of n distinct positive
integers is nonsingular. Namely the Bourque–Ligh conjecture is true if n  7.
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(ii) If n  8, then the LCM matrix ([S]) defined on any (n − 7)-fold gcd-closed set S of n
distinct positive integers is nonsingular.
(iii) For any n  8, there is an (n − 8)-fold gcd-closed set S of n distinct positive integers such
that β(max(S)) = 0. So the Bourque–Ligh conjecture is not true if n  8.
Proof. Parts (i) and (iii) are proved in [12,14,15]. Part (ii) is proved in [14]. For the convenience
of the reader, we here include the detail of the proof. In what follows we prove part (ii). Let
n  8 and S = {x1, . . . , xn} be an (n − 7)-fold gcd-closed set. Without loss of any generality
we may let x1 < · · · < xn. Then x1| · · · |xn−6 and {xn−6, . . . , xn} is gcd-closed. Obviously we
have β(x1) = 1x1 . For 2  k  n − 6, since GS(xk) = {xk−1}, by (3) we have β(xk) = 1xk − 1xk−1 .
Hence we have β(xk) /= 0 for 1  k  n − 6. Now let n − 5  k  n. Since {xn−6, . . . , xn} is
gcd-closed, we have xn−6|xk . So GS(xk) is equal to the set of greatest-type divisors of xk in the
set Sk := {xn−6, . . . , xk}. Then by (3) we have
β(xk) =
∑
J⊂GS(xk)
(−1)|J |
gcd(J ∪ {xk}) =
∑
J⊂GSk (xk)
(−1)|J |
gcd(J ∪ {xk}) . (4)
Since Sk is gcd-closed, by the reduction from (2) to (3) we get
∑
J⊂GSk (xk)
(−1)|J |
gcd(J ∪ {xk}) =
∑
J⊂Sk\{xk}
(−1)|J |
gcd(J ∪ {xk}) . (5)
Define
αk−n+7(xn−6, . . . , xk) :=
∑
d|xk
n−6t<k⇒d |xt
g(d).
Then by (2) we get
αk−n+7(xn−6, . . . , xk) =
∑
J⊂Sk\{xk}
(−1)|J |
gcd(J ∪ {xk}) . (6)
Note that 2  k − n + 7  7 since n − 5  k  n. Then by the proof of Theorem of [15] as well
the fact that Sk is gcd-closed, we have αk−n+7(xn−6, . . . , xk) /= 0. It follows immediately from
(4)–(6) that β(xk) /= 0. Therefore ∏nk=1 β(xk) /= 0, thus by Bourque and Ligh’s result [5] we
have det([S]) /= 0 which implies that the LCM matrix ([S]) defined on S is nonsingular. Thus
part (ii) is proved. This completes the proof of Theorem 2.1. 
For any integer x > 1, let ω(x) denote the number of distinct prime factors of x. Define
ω(1) := 0. In 1997, Sun conjectured that if S is a gcd-closed set satisfying maxx∈S{ω(x)}  2,
then the LCM matrix ([S]) defined on S is nonsingular. Hong [22] confirmed Sun’s conjecture.
Furthermore, Hong [22] showed that for any integer r  3, there exists a gcd-closed setS satisfying
maxx∈S{ω(x)} = r such that the LCM matrix [S] defined on S is singular. The set S is said to be
lcm-closed if [xi, xj ] ∈ S for all 1  i, j  n. We have the following natural question.
Question 2.1. Is the LCM matrix ([S]) on any lcm-closed set S nonsingular?
In what follows we let m = lcm(S).
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Definition 2.3. Let S = {x1, . . . , xn}. Then the reciprocal set of S, denoted by mS−1, is defined by
mS−1 :=
{
m
x1
, . . . ,
m
xn
}
.
The following lemma is a special case of Lemma 3.1 whose proof is given in the next section.
Lemma 2.1. We have
([S]) = 1
m
· diag(x1, . . . , xn) · ([mS−1]) · diag(x1, . . . , xn).
Lemma 2.2. The set S is lcm-closed if and only if its reciprocal set mS−1 is gcd-closed.
Proof. The sufficiency part is proved in [20]. The necessity part can be proved by using similar
arguments. 
Definition 2.4. Let r  0 be an integer. The set S is called r-fold lcm-closed if its reciprocal set
mS−1 is r-fold gcd-closed.
Lemmas 2.1 and 2.2 enable Theorem 2.1 and the result of [22] to be applied, thus establishing
the following results which could be regarded as an answer to Question 2.1.
Theorem 2.2. Let n  1 be an integer.
(i) If n  7, then the LCM matrix ([S]) defined on any lcm-closed set S of n distinct positive
integers is nonsingular. Namely the answer to Question 2.1 is positive if n  7.
(ii) If n  8, then the LCM matrix ([S]) defined on any (n − 7)-fold lcm-closed set S of n
distinct positive integers is nonsingular.
(iii) For any n  8, there is an (n − 8)-fold lcm-closed set S of n distinct positive integers such
that the LCM matrix ([S]) defined on S is singular. So the answer to Question 2.1 is negative
if n  8.
Theorem 2.3. Each of the following is true:
(i) If S is an lcm-closed set satisfying maxx∈S{ω(mx )}  2, then the LCM matrix [S] defined
on S is nonsingular.
(ii) For any integer r  3, there exists an lcm-closed set S satisfying maxx∈S{ω(mx )} = r, such
that the LCM matrix [S] defined on S is singular.
The matrix having 1
(xi ,xj )
, the reciprocal of the greatest common divisor of xi and xj , as its
i, j -entry is called the reciprocal greatest common divisor (reciprocal GCD) matrix on S, denoted
by [ 1
(xi,xj )
] (abbreviated by [ 1
(S)
]). We have the following similar question.
Question 2.2. Is the reciprocal GCD matrix [ 1
(S)
] on any gcd-closed (resp. lcm-closed) set S
nonsingular?
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Since (xi, xj )[xi, xj ] = xixj for all 1  i, j  n, we obtain[
1
(S)
]
= diag
(
1
x1
, . . . ,
1
xn
)
· ([S]) · diag
(
1
x1
, . . . ,
1
xn
)
.
So by Theorems 2.1–2.3 and the result of [22], we can answer Question 2.2 as follows.
Theorem 2.4. Let n  1 be an integer.
(i) If n  7, then the reciprocal GCD matrix [ 1
(S)
] defined on any gcd-closed (resp. lcm-closed)
set S of n distinct positive integers is nonsingular. Namely the answer to Question 2.2 is
positive if n  7 ;
(ii) If n  8, then the reciprocal GCD matrix [ 1
(S)
] defined on any (n − 7)-fold gcd-closed
(resp. (n − 7)-fold lcm-closed) set S of n distinct positive integers is nonsingular;
(iii) For any n  8, there is an (n − 8)-fold gcd-closed (resp. (n − 8)-fold lcm-closed) set S of n
distinct positive integers such that the reciprocal GCD matrix [ 1
(S)
] defined on S is singular.
So the answer to Question 2.2 is negative if n  8.
Theorem 2.5. Each of the following is true:
(i) If S is a gcd-closed (resp. an lcm-closed) set satisfying maxx∈S{ω(x)}  2 (resp.
maxx∈S{ω(mx )}  2), then the reciprocal GCD matrix [ 1(S) ] defined on S is nonsingular;(ii) For any integer r  3, there exists a gcd-closed (resp. an lcm-closed) set S satisfying
maxx∈S{ω(x)} = r (resp. maxx∈S{ω(mx )} = r), such that the reciprocal GCD matrix [ 1(S) ]
defined on S is singular.
3. Nonsingularity of matrices associated with classes of arithmetical functions
Bourque and Ligh showed the following formula which is another generalization of Smith’s
result.
Theorem 3.1 [6]. The determinant of the matrix [f (xi, xj )] defined on a gcd-closed set S =
{x1, . . . , xn} is equal to ∏x∈S αS,f (x), where
αS,f (x) :=
∑
d|x
d /∈ES(x)
(f ∗ µ)(d).
Thus the nonsingularity problem is reduced to know if
∏
x∈S αS,f (x) /= 0 or not.
Theorem 3.2 [21]. For all gcd-closed set S and all complex-valued function f defined on S and
x ∈ S, we have
αS,f (x) =
∑
J⊂GS(x)
(−1)|J |f (gcd(J ∪ {x})).
This formula makes the computation of αS,f (x) easy if |GS(x)| is small. For instance in the
case where S is a divisor chain or when all the x are primes or one, because then |GS(x)|  1.
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If maxx∈S{ω(x)}  2, then GS(x) even if it is big, has a special structure that permits to give
sufficient condition on f such that the matrix [f (xi, xj )] is nonsingular. An arithmetical function
f (x) is said to be strictly increasing (resp. strictly decreasing) if we have f (x1) < f (x2) (resp.
f (x1) > f (x2)) whenever x1 < x2 and x1, x2 ∈ Z+.
Theorem 3.3 [21]. Let S = {x1, . . . , xn} be a gcd-closed set satisfying maxx∈S{ω(x)}  2 and
f a completely multiplicative function. If f is a strictly increasing function or f is a strictly
decreasing function satisfying 0 < f (p)  1
p
for all primes p, then the matrix [f (xi, xj )] on S
is nonsingular.
Theorem 3.4 [21]. Let S = {x1, . . . , xn} be a gcd-closed set satisfying maxx∈S{ω(x)}  2 and f
a completely multiplicative function. If f is a strictly increasing function satisfying f (p)  p for
all primes p or f is a strictly decreasing function, then the matrix (f [xi, xj ]) on S is nonsingular.
Theorem 3.5 [21]. Let S = {x1, . . . , xn} be a gcd-closed set satisfying maxx∈S{ω(x)}  2 and
let ε < 0 or ε  1. Then the matrix ([xi, xj ]ε) on S is nonsingular.
Lemma 3.1. Let f be completely multiplicative. Then we have
(f (S)) = 1
f (m)
· diag(f (x1), . . . , f (xn)) · (f (mS−1)) · diag(f (x1), . . . , f (xn))
and
(f [S]) = 1
f (m)
· diag(f (x1), . . . , f (xn)) · (f [mS−1]) · diag(f (x1), . . . , f (xn)).
Proof. Since
(xi, xj ) = m[
m
xi
, m
xj
] = m ·
(
m
xi
, m
xj
)
m
xi
· m
xj
= xixj
m
·
(
m
xi
,
m
xj
)
and
[xi, xj ] = m(
m
xi
, m
xj
) = m ·
[
m
xi
, m
xj
]
m
xi
· m
xj
= xixj
m
·
[
m
xi
,
m
xj
]
and f is completely multiplicative, we get
f (xi, xj ) = f (xi)f (xj )
f (m)
· f
(
m
xi
,
m
xj
)
and
f [xi, xj ] = f (xi)f (xj )
f (m)
· f
[
m
xi
,
m
xj
]
respectively. Therefore the result follows immediately. The proof of Lemma 3.1 is complete. 
From Lemmas 3.1 and 2.2 as well as Theorems 3.3–3.5 we can deduce the following results
which give partial answers to Questions 1.3 and 1.4 respectively.
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Theorem 3.6. Let S = {x1, . . . , xn} be an lcm-closed set satisfying maxx∈S{ω(mx )}  2 and f a
completely multiplicative function. If f is a strictly increasing function or f is a strictly decreasing
function satisfying 0 < f (p)  1
p
for all primesp, then the matrix [f (xi, xj )]onS is nonsingular.
Theorem 3.7. Let S = {x1, . . . , xn} be an lcm-closed set satisfying maxx∈S{ω(mx )}  2 and f a
completely multiplicative function. If f is a strictly increasing function satisfying f (p)  p for
all primes p or f is a strictly decreasing function, then the matrix (f [xi, xj ]) on S is nonsingular.
Theorem 3.8. Let S = {x1, . . . , xn} be an lcm-closed set satisfying maxx∈S{ω(mx )}  2 and let
ε < 0 or ε  1. Then the matrix ([xi, xj ]ε) on S is nonsingular.
Definition 3.1 [21]. For x ∈ A, we say that u ∈ A is a least-type multiple (l.t.m.) of x in A, if
x|u, u /= x and the conditions x|y|u and y ∈ A imply that y ∈ {x, u}. We define LA(x) to be the
set of all least-type multiples of x in A.
Example 3.1. Let A = {2, 4, 6, 8, 10, 12}. Then LA(2) = {4, 6, 10}, LA(4) = {8, 12}, LA(6) =
{12}, LA(8) = LA(10) = LA(12) = φ.
Lemma 3.2. Let S be any set of positive integers. Then:
(i) g ∈ S is a g.t.d. of x in the set S iff m
g
∈ mS−1 is an l.t.m. of m
x
in the set mS−1;
(ii) g ∈ S is an l.t.m. of x in the set S iff m
g
∈ mS−1 is a g.t.d. of m
x
in the set mS−1.
Proof. Clearly we only need to prove part (i). Now we prove part (i). Let g ∈ S be a g.t.d. of x in
the set S. Assume that m
y
∈ mS−1 such that m
x
|m
y
|m
g
and m
y
< m
g
. Then we deduce that g|y|x and
g < y. But g ∈ S is the g.t.d. of x in the set S. So we have y = x and therefore m
y
= m
x
, which
means that m
g
∈ mS−1 is an l.t.m. of m
x
in the set mS−1. For the converse implication, one can
prove it in a similar way. The proof of Lemma 3.2 is complete. 
Lemma 3.3. Let x ∈ S. Then we have
GS(x) = mLmS−1
(m
x
)−1
and LS(x) = mGmS−1
(m
x
)−1
.
Proof. It follows immediately from Lemma 3.2. 
By Lemmas 2.2, 3.1–3.3 and Theorems 3.1 and 3.2, we get the following results.
Theorem 3.9. Let S be lcm-closed and f a completely multiplicative function so that f (x) /= 0
for all x ∈ S. Then we have
det[f (S)] =
∏
x∈S
f (x)2
∑
J⊂LS(x)
(−1)|J |
f (lcm(J ∪ {x})) .
Theorem 3.10. Let S be lcm-closed and f completely multiplicative. Then we have
det(f [S]) =
∏
x∈S
∑
J⊂LS(x)
(−1)|J |f (lcm(J ∪ {x})).
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Remark. We believe that Theorems 3.3 (resp. 3.6) and 3.4 (resp. 3.7) still hold if the conditions
“satisfying 0 < f (p)  1
p
for all primes p” and “satisfying f (p)  p for all primes p” are
suppressed respectively. We believe also that the condition “ε < 0 or ε  1” in Theorems 3.5 and
3.8 could be improved to “ε /= 0”. Unfortunately, so far we have not found the proof yet. We also
note that Cao [9,10], Hong [20], Hong–Shum–Sun [25] and Li [26] provided several interesting
results on the nonsingularity of power LCM matrix. On the other hand, Zhao–Hong–Liao–Shum
[30] got some results about the divisibility of power LCM matrices by power GCD matrices.
By [18], we know that there is a gcd-closed set S = {x1, . . . , xn} with maxx∈S{|GS(x)|} = 2
such that the GCD matrix ((xi, xj )) on S does not divide the LCM matrix ([xi, xj ]) on S in
the ring Mn(Z). However it is not clear whether there is a gcd-closed set S = {x1, . . . , xn} with
maxx∈S{|GS(x)|} = 1 such that the GCD matrix ((xi, xj )) on S does not divide the LCM matrix
([xi, xj ]) on S in the ring Mn(Z). We think that the answer to this question should be negative.
We propose the following conjectures as the conclusion of this paper.
Conjecture 3.1. Let S = {x1, . . . , xn} be a gcd-closed set with maxx∈S{|GS(x)|} = 1. Then the
GCD matrix ((xi, xj )) on S divides the LCM matrix ([xi, xj ]) on S in the ring Mn(Z).
Conjecture 3.2. Let S = {x1, . . . , xn} be an lcm-closed set with maxx∈S{|LS(x)|} = 1. Then the
GCD matrix ((xi, xj )) on S divides the LCM matrix ([xi, xj ]) on S in the ring Mn(Z).
Conjecture 3.3. Let e be a given positive integer. Then there must be a positive integer k(e),
depended only on e, such that the power LCM matrix ([xi, xj ]e) defined on any lcm-closed set
S = {x1, . . . , xn} is nonsingular if n  k(e). But for n  k(e) + 1, there exists an lcm-closed set
S = {x1, . . . , xn} such that the power LCM matrix ([xi, xj ]e) defined on S is singular.
Conjecture 3.4. Let e be a given positive integer. Then there must be a positive integer l(e),
depended only on e, such that the reciprocal power GCD matrix ( 1
(xi ,xj )
e ) defined on any gcd-
closed (resp. lcm-closed) set S = {x1, . . . , xn} is nonsingular if n  l(e). But for n  l(e) + 1,
there exists a gcd-closed (resp. an lcm-closed) set S = {x1, . . . , xn} such that the reciprocal power
GCD matrix ( 1
(xi ,xj )
e ) defined on S is singular.
It is easy to prove that Conjecture 3.3 is equivalent to Conjecture 3.4 and for any given positive
integer e, k(e) = l(e). By Theorems 2.2 and 2.4 we know that Conjectures 3.3 and 3.4 hold when
e = 1. In fact, k(1) = l(1) = 7. Using Cao’s result [9, 10], we can easily show that for any integer
e  2, k(e) = l(e)  8.
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